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中文命禦

向量值神經網路學習近年來在深度學習領域中逐漸成為一個新主

題。傳統上，多筆多維度的訓練資料在放進神經網路訓練之前，會被

串接成一筆高維度的向量。然而，這樣串接資料的方式會造成在不同

筆資料中，相同維度的資訊關係沒有學習好，進而導致訓練效果不是

最佳的。因此，在本論文中，我們提出一個新的神經網路架構，稱為

任意雙線性積神經網路。在此架構中，每個神經元處理向量資訊，成

為向量神經元，並且可以將不同的任意雙線性積應用在此架構中。

除此之外，我們將向量神經元配合循環群代數的概念，應用在捲積

神經網路，提出深度循群環網路。在此架構中，訓練資料，輸入資料、

輸出資料、特徵圖、捲積核都是三維的矩陣。我們透過高光譜影像去

躁、歌聲分離以及影像修補的實驗來驗證所提出來的架構。實驗結果

顯示，我們提出來的架構與傳統的神經網路比較下，擁有較好的效果，

同時也驗證在訓練的過程中，向量之間關連性是有被學習到的。

關莚䭼：向量神經學習,向量神經網路,雙線性積,任意雙線積神經網

路,䀷傳肃,循環代數,深度循環群網路
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Abstract

Vector-valued neural learning has emerged as a promising direction in

deep learning recently. Traditionally, training data for neural networks (NNs)

are formulated as a vector of scalars; however, its performance may not be

optimal since associations among adjacent scalars are not modeled. In this

dissertation, we propose a new vector neural architecture called the Arbitrary

BIlinear Product Neural Network (ABIPNN), which processes information

as vectors in each neuron, and the feedforward projections are defined us-

ing arbitrary bilinear products. Such bilinear products can include circular

convolution, seven-dimensional vector product, skew circular convolution,

reversed-time circular convolution, or other new products not seen in previ-

ous work. Besides, we also employ vector values into convolutional neural

networks (CNNs), called deep cyclic group network (DCGN) which uses the

cyclic group algebra for convolutional vector-neuron learning. The input to

DCGN is a three-way tensor, where the mode-3 dimension corresponds to

the dimensionality of the input data. As a proof-of-concept, we apply our

proposed network to multispectral image denoising, singing voice separation

and image inpainting. Experimental results show that ABIPNN or DCGN

obtains substantial improvements when compared to conventional NNs or

CNNs, suggesting that associations are learned during training.

Key words: Vector neural learning, vector neural network, bilinear

products, arbitrary bilinear product neural networks, backpropagation,

deep cyclic group algebra, deep cyclic group networks.
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Chapter 1

Introduction

1.1 Vector neural network

Vector-valued neurons have receivedmuch attention lately in different scientific fields,

such as communication systems, biological processing, image processing, and audio sig-

nal processing [2–6]. Each training sample of these applications can be represented as

a multidimensional vector, which can be processed directly by vector-valued neurons.

These aforementioned works have shown that vector-valued neurons have good perfor-

mance in learning, association, and generalization. In the meantime, an increasing number

of datasets [7–9] provide multidimensional data suitable for vector-valued neural learning.

In real-valued neural network (NN) learning with multidimensional data, the input is

concatenated from a set of vectors and reformulated as a long vector. A neuron takes

only one real value as its input and a network is configured to use as many neurons as

the dimension of the long vector. But this configuration may not achieve satisfactory
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performance for multidimensional problems since associations within each vector are not

learned. Therefore, multidimensional vector neurons have received some attention in the

literature and have been proposed to address the associations among different dimensions.

A vector-valued neuron accepts and represents information as a vector and elements in

each vector are processed together as a single unit.

In convolutional neural network learning, advanced network architectures such as

batch normalization [10], highway networks [11], and residual networks [12] have been

proposed in recent years to improve the performance or training efficiency of deep learn-

ing models. Both highway and residual networks reduce the risk of vanishing gradients

via gating-based mechanisms or shortcut paths to regularize information flow. There have

also been attempts to make more fundamental changes to convolutional neural networks

(CNNs). In particular, vector-valued neural learning in CNNs has received increased at-

tention recently, where the inputs, outputs, weights and biases are all extended from real

values to vector values.

1.2 Related work

There are several approaches to extend real-valued neurons to vector-valued ones.

Two-dimensional complex-valuedNNs [13] have been proven to have orthogonal decision

boundaries [14,15] and the ability to solve exclusive-or (XOR) problem [16] using only a

single neuron. Another extension to two dimensions is the hyperbolic neural network [17],

in which all parameters are hyperbolic numbers. Decision boundaries of hyperbolic neu-

2



rons are investigated in [18]. An alternative hyperbolic backpropagation algorithm [19]

is developed using Wirtinger calculus. Three-dimensional neurons have been proposed

in two ways. The first is based on the vector product [20] [21], in which inputs, outputs,

weights and biases are all three-dimensional vectors. The second [22] is similar to the

first but the weights are now three-dimensional orthogonal matrices. Four-dimensional

hypercomplex-valued neurons [20, 23–25] are proposed by using the quaternion algebra.

Eight-dimensional octonion-valued neurons [26] represent a generalization of quaternion

NNs. More recently, deep complex networks (DCN) [6] have been introduced using com-

plex convolution and complex batch normalization. They extend each neuron from a real

value to a two-dimensional vector representing complex numbers, and the model has been

evaluated on image classification and music transcription. Deep quaternion networks

(DQN) [1, 27] make each neuron a four-dimensional vector representing the so-called

quaternions, and the model has been evaluated on automatic speech recognition and image

segmentation. Although both DCN and DQN show the promise of vector-neuron learning,

the dimensionality of their vector-valued inputs are restricted to two or four only.

1.3 Current limitation of vector neural networks

However, the dimensionality of a vector-valued neuron should not be constrained to

a particular number. For instance, in the task of color image inpainting [28], where small

corrupted regions are to be restored, the input and output comprise three color channels.

In the task of multispectral image denoising [29], different bands of images are stacked
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into a tensor. Nonlinear mapping between the noisy tensor and the clean tensor is then

performed. For singing voice separation [30], the data structure of a temporal-frequency

matrix input is flattened into a high-dimensional vector in the traditional way, and then

reshaped as a matrix so that each neuron represents and receives a vector. For EEG-based

emotion recognition [8, 31], the human brain wave is filtered into five main frequency

bands. Given the above observations, it seems important that the dimensionality should

be an arbitrary N . Thus, a good extension of the real-valued neuron is the N -dimensional

real-valued neuron [20,32,33], which was proposed to have N -dimensional vector inputs

and outputs, butN -dimensional orthogonal matrix weights. Nevertheless, we observe that

this formulation does not address the case of multiple neurons. Other architectures have

also been advanced to extend real-valued neurons. For example, Clifford algebra has been

employed to build vector-valued NNs with dimensionality 2N [34–37]; however, we note

that many datasets do not have power-of-two dimensionalities. Matrix-valued NNs [38]

have been proposed in which the inputs, outputs, weights, and biases are N × N square

matrices. But it is not always easy to formulate the inputs and outputs like this. Finally, for

multiway classification, the tensor-factorized NN [39] integrates Tucker decomposition

with neural learning, though its efficiency in regression problems is yet unproven. A

similar concept would be the vector neuron models of associative memory [40], which are

vector formalisms of Potts-glass NN [41–43] and parametrical NN (PNN) [44], but this

concept does not belong to supervised learning since there are no inputs and corresponding

targets for training.

4



1.4 Contribution of the dissertation

In light of the above observations, we propose a new vector-valued NN architecture

consisting of N -dimensional vector-valued neurons, where N is an arbitrary positive in-

teger (as shown in Fig. 1.1). For each neuron, the inputs, outputs, weights, and biases are

all N -dimensional vectors. Our key observation is that the products used by the afore-

mentioned vector-valued NNs (such as the vector product [21] and quaternion multipli-

cation [23]) are bilinear products (defined in Section 2). This prompts us to propose a

general form of bilinear neurons to model the associations between the vector elements.

We call it the Arbitrary BIlinear Product Neural Network (ABIPNN).WhenN equals one,

each neuron represents a scalar and the architecture performs matrix multiplications like a

conventional deep neural network (DNN). When N is larger than one, each neuron repre-

sents a vector and the architecture uses bilinear products for multiplications. In this way,

the proposed architecture not only allows for using vectors of arbitrary dimensionality in

vector-valued NNs, but also all the vector-valued products that are bilinear.

On the other hand, we also propose a newCNN architecture namedDeep Cyclic Group

Network (DCGN), which involves the circular convolution from cyclic group algebra [45].

Our inputs, outputs, kernel maps, and feature maps are three-way tensors [46] with the

same mode-3 dimension. The mode-3 dimension corresponds to the prescribed dimen-

sionality N of the input data, where N is an arbitrary positive integer. The proposed

architecture is shown in Figure 1.3. Besides, weight initialization and batch normaliza-

tion for vector-valued neurons are investigated. As a consequence, our contributions are

5



summarized as follows:

• We proposed theABIPNNmodel by using arbitrary bilinear products withN -dimensional

vector-valued neurons, where N is an arbitrary positive integer.

• We proposed the DCGNmodel by usingN -dimensional vector-valued neurons with

cyclic group algebras, where N is also an arbitrary positive integer.

• We derived backpropagation learning algorithm for both ABIPNN and DCGNmod-

els, weight initialization, and batch normalization.

• We demonstrated the potential of our architectures with singing voice separation,

image inpainting and denoising experiments by using less number of parameters.

1.5 Dissertation organization

The dissertation is organized as follow. Chapter 2 derives feedforward and backprop-

agation processes using the proposed bilinear neurons. Chapter 3 derives the backpropa-

gation algorithm using circular convolution. Besides, weight initialization and batch nor-

malization for vector-valued neurons are also introduced. Chapter 4 compares the perfor-

mance between conventional NNs and proposed architectures in singing voice separation,

image inpainting, and multispectral image inpainting. Finally, we conclude the work and

discuss future work in Chapter 5.
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Figure 1.2: Illustration of the operations employed by the (a) conventional NNs and (b)
ABIPNNs; best viewed in color. In (a), vectors are concatenated together as a multidi-
mensional input. Each weight stands for a scalar, depicted as a cube. Take the first entry
of each vector for example, the associations between the brown cubes are not learned since
each hidden neuron receives information by using its group of weights, which are depicted
in the same color. Hidden neurons do not share identical weights when performing learn-
ing. In (b), vectors are stacked into aRl ×1×N tensor (or lateral matrix) and brown cubes
are concatenated together. Each neuron represents a vector and receives information by
using the weight vector, depicted as blue cubes. For example, when we leverage circular
convolution as the bilinear product in an ABIPNN, the weight vector can be deemed as a
linear kernel mask which captures the associations between brown cubes by rotating itself
in the learning process.

8



In
p

u
t 

T
en

so
r

O
u

tp
u

t 
T

en
so

r

C
o

n
v

o
lv

ed

F
ea

tu
re

 M
ap

s

C
o

n
v

o
lu

ti
o

n
 

P
o

o
li

n
g

 
C

o
n

v
o

lu
ti

o
n

 
P

o
o

li
n

g
 

C
o

n
v

o
lu

ti
o

n
 

N
N

N
N

N

N

N

N

P
o

o
le

d

F
ea

tu
re

 M
ap

s

P
o
o

le
d

F
ea

tu
re

 M
ap

s

N

C
o

n
v

o
lv

ed

F
ea

tu
re

 M
ap

s

Fi
gu
re

1.
3:

Ill
us
tra
tio
n
of

th
e
pr
op
os
ed

D
C
G
N
m
od
el
fo
r
re
gr
es
si
on

pr
ob
le
m
s
(b
es
tv

ie
w
ed

in
co
lo
r)
.
O
ra
ng
e
an
d
bl
ue

sq
ua
re
s
re
pr
es
en
tt
he

co
nv
ol
ve
d
an
d
po
ol
ed

fe
at
ur
e
m
ap
s,
re
sp
ec
tiv
el
y,
an
d
gr
ee
n
sq
ua
re
sr
ep
re
se
nt
th
e
ke
rn
el
m
ap
s.
A
ll
fe
at
ur
e
m
ap
sa
cr
os
sa
ll
th
e
la
ye
rs
ha
ve

th
e
sa
m
e

m
od
e-
3
di
m
en
si
on

(i.
e.
,N

).
W
he
n

N
=

1,
th
e
m
od
el
re
du
ce
s
to
th
e
co
nv
en
tio
na
lC

N
N
s,
an
d
w
e
w
ill
no
th
av
e
th
os
e
da
sh
ed

sq
ua
re
s.
Th
e
ke
rn
el

m
ap
sp
er
fo
rm

co
nv
ol
ut
io
n
w
ith

sc
al
ar
m
ul
tip
lic
at
io
ns
.W

he
n

N
>

1,
ea
ch

fe
at
ur
em

ap
an
d
ke
rn
el
m
ap

be
co
m
es
th
re
e-
w
ay

te
ns
or
s.
It
is
ar
eg
re
ss
io
n

pr
ob
le
m
si
nc
e
w
e
ha
ve

te
ns
or
in
pu
ta
nd

te
ns
or
ou
tp
ut
.B

ut
,t
he

m
od
el
ca
n
be

ex
te
nd
ed

to
de
al
w
ith

cl
as
si
fic
at
io
n
pr
ob
le
m
s,
by

di
sc
ar
di
ng

th
e
la
st

co
nv
ol
ut
io
na
ll
ay
er
an
d
ad
di
ng

fu
lly
-c
on
ne
ct
ed

la
ye
rs
af
te
rD

C
G
N
.I
n
su
ch

a
ca
se
,D

C
G
N
w
ou
ld
pe
rf
or
m
th
e
fu
nc
tio
n
of
fe
at
ur
e
le
ar
ni
ng
.

9



Chapter 2

Arbitrary Bilinear Product Neural

Networks

The idea of ABIPNN is to extend the data type of each neuron from scalars to vectors

by replacing multiplications with arbitrary bilinear products. Such products can be used

to learn the associations between vector elements in the input (see Fig. 1.2). In the fol-

lowing, tensors are represented by bold uppercase calligraphic letters, matrices by bold

uppercase letters, and vectors by bold lowercase letters. Matrix slices of tensors are repre-

sented as matrices and vector slices of matrices are represented as vectors. The notational

conventions used in this paper are summarized in Table 2.1.

10



2.1 Generalizing N-D vector neurons with bilinear Prod-

ucts

To begin with, we identify a generalization of all the products used in previous vector-

valued NN literature, including vector product [21], quaternion multiplication [23], octo-

nion multiplication [26], and so on. We have been able to confirm that all of these products

are bilinear (defined below). Motivated by this important observation, we will extend the

vector-valued NN [32] to use any kind of bilinear product between two N -dimensional

vectors.

From the inspiration of Chan’s work [47], we could assume an N -dimensional space

with standard basis {e1, e2, . . . , eN} as column vectors. Letp = ∑N
n=1 pnen = [p1, p2, . . . , pN ]T

and q = ∑N
n=1 qnen = [q1, q2, . . . , qN ]T be two vectors in this space. A product

• : RN × RN → RN is bilinear if and only if p • q is linear when we hold one of p

or q fixed. If • is bilinear, we have:

p • q = p •
(

N∑
n=1

qnen

)
, (2.1)
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where we have expanded the second term. Due to bilinearity,

p • q =
N∑

n=1
(p • en) qn

=

p •



1
0
...
0

 , p •



0
1
...
0

 , . . . , p •



0
0
...
1







q1

q2
...

qN


= [p • e1, p • e2, . . . , p • eN ] q.

(2.2)

If we let [p]• = [p • e1, p • e2, . . . , p • eN ], then:

p • q = [p]• q. (2.3)

Similarly, if we expand the first term, we can write:

p • q =
(

N∑
n=1

pnen

)
• q =

N∑
n=1

pn (en • q)

= [e1 • q, e2 • q, . . . , eN • q] p.

(2.4)

Let [q]†• = [e1 • q, e2 • q, . . . , eN • q], we also have:

p • q = [q]†• p. (2.5)

Eqs. 2.3 and 2.5 are the two possible matrix representations of the bilinear product •.

Here we call [p]• its matrix representation and [q]†• its transmuted representation (the term

transmuted is originally used for quaternions [48] but here we extend it for general bilin-
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ear products). In what follows, the feedforward and backpropagation processes will be

described by using the above notations for bilinear products and their representations. For

convenience, in the rest of this paper, if p or q are not column vectors, then p • q will

implicitly reshape them so that the above equations make sense.
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Table 2.1: Notational Conventions

X Input tensor
Xm=X:m: Lateral slice from input tensor X
x Vector from input tensor X
Y Output tensor
Ym=Y:m: Lateral slice from output tensor X
Wl Weight tensor in layer l

Wl+1 Weight tensor in layer l + 1
wl

ij = Wl
ij: Vector from tensorWl

wl+1
ki = Wl+1

ki: Vector from tensorWl+1

Bl Bias tensor in layer l

Bl+1 Bias tensor in layer l + 1
bl

i = Bl
im: Vector from tensorBl

bl+1
k = Bl+1

km: Vector from tensorBl+1

ZL Input tensor in the layer L

Zl Input hidden tensor in layer l

Zl+1 Input hidden tensor in layer l + 1
zL

g = ZL
gm: Vector from tensor ZL

zl
i = Zl

im: Vector from tensor Zl

zl+1
k = Zl+1

km: Vector from tensor Zl+1

Al−1 Output hidden tensor in layer l − 1
Al Output hidden tensor in layer l

al−1
j = Al−1

jm: Vector from tensorAl−1

al
i = Al

im: Vector from tensorAl

Dl+1 Local gradient tensor in layer l + 1
Dl Local gradient tensor in layer l

dl+1
j = Dl+1

im: Vector from tensorDl+1

dl
i = Dl

km: Vector from tensorDl

• : RN × RN → RN Arbitrary bilinear product
[·]• Matrix representation of • (Eq. 2.3)
[·]†• Transmuted representation of • (Eq. 2.5)
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2.2 Feedforward process for ABIPNN

As before, we assume the inputs, outputs, weights, and biases are N -dimensional vec-

tors. Suppose we have an L-layer vector-valued NN. For hidden layer l (1 ≤ l ≤ L), the

input vector zl
i of the hidden neuron i is defined as:

zl
i =

Rl−1∑
j=1

wl
ij • al−1

j + bl
i , (2.6)

where • denotes an arbitrary bilinear product, wl
ij stands for the weight vector connecting

a neuron j (1 ≤ j ≤ Rl−1) in layer l − 1 to a neuron i (1 ≤ i ≤ Rl) in layer l, and

wl
ij = ∑N

n=1 wl
ijnen =

[
wl

ij1, wl
ij2, . . . ,wl

ijN

]T
∈ RN . The output vector of neuron j

in layer l − 1 is al−1
j = ∑N

n=1 al−1
jn en =

[
al−1

j1 , al−1
j2 , . . . , al−1

jN

]T
∈ RN , the bias vector

of neuron i in layer l is bl
i = ∑N

n=1 bl
inen =

[
bl

i1, bl
i2, . . . , bl

iN

]T
∈ RN . As a result,

zl
i = ∑N

n=1 zl
inen =

[
zl

i1, zl
i2, . . . , zl

iN

]T
∈ RN . When l equals 1, the vector z is simply

the input vector x. After zl
i is calculated, the output vector al

i of the hidden neuron i is as

follows:

al
i =



al
i1

al
i2
...

al
iN


= ϕ(zl

i) =



ϕ(zl
i1)

ϕ(zl
i2)
...

ϕ(zl
iN)


, (2.7)
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where ϕ could be any differentiable activation function. Then the output vector of neuron

g (1 ≤ g ≤ RL) in output layer L is defined as:

yL
g =



yL
g1

yL
g2
...

yL
gN


= ϕ(zL

g ) =



ϕ(zL
g1)

ϕ(zL
g2)
...

ϕ(zL
gN)


, (2.8)

where zL
g is the input vector and yL

g is the output vector of a neuron g. The objective of

the training process is to estimate the parameters that minimize the cost function, defined

as:

C(Θ) =
M∑

m=1
loss(Ym, f(Xm;Θ)) , (2.9)

where M stands for the number of training data patterns, Θ is the set of all training pa-

rameters (weights and biases), and Ym is the training label related to the inputXm. The

output f(Xm; Θ) is the predicted version of Ym, made up of yL
g mentioned in Eq. 2.9.

The loss(Ym, f(Xm;Θ)) function measures the difference between the predicted results

and the training labels.
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2.3 Backpropagation algorithm for ABIPNN

The bilinear product is also employed in the process of backpropagation learning. Be-

fore we present the error backpropagation process (Algorithm 1), we need to first derive:

1. The gradients of the biases bl
i.

2. The gradients of the weights wl
ij .

3. The backpropagation of local gradients dl+1
k → dl

i.

Following Eq. 2.3, the bilinear product can be viewed as matrix-vector multiplication.

Hence, Eq. 2.6 can be rewritten as

zl
i =

Rl−1∑
j=1

wl
ij • al−1

j + bl
i =

Rl−1∑
j=1

[
wl

ij

]
•

al−1
j + bl

i

=
Rl−1∑
j=1

[
wl

ij • e1, wl
ij • e2, . . . ,wl

ij • eN

]
al−1

j + bl
i

=
Rl−1∑
j=1

(
al−1

j1 wl
ij • e1 + · · · + al−1

jN wl
ij • eN

)
+ bl

i.

(2.10)

Here, wl
ij can be formulated as the summation of scalar-vector multiplications:

zl
i =

Rl−1∑
j=1

(
al−1

j1

(
wl

ij1e1 + · · · + wl
ijNeN

)
• e1

+ al−1
j2

(
wl

ij1e1 + · · · + wl
ijNeN

)
• e2 + . . .

+ al−1
jN

(
wl

ij1e1 + · · · + wl
ijNeN

)
• eN

)
+ bl

i.

(2.11)

To estimate the first-order partial derivatives of a vector-valued function, we apply the

concept of Jacobian matrix, which is a matrix containing all the partial derivatives. For

17



the vector-valued function f : RN → RM , the Jacobian matrix is defined as
[

∂f
∂x

]
ij

=

∂
∂xj

f(x)i ∈ RN×M . The partial derivative of C with respect to bl
i is as follows:

∂C

∂bl
i

=

 ∂C

∂bl
i1
,

∂C

∂bl
i2
, . . . ,

∂C

∂bl
iN



=



∂C

∂zl
i1

∂zl
i1

∂bl
i1

+ ∂C

∂zl
i2

∂zl
i2

∂bl
i1

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂bl
i1

∂C

∂zl
i1

∂zl
i1

∂bl
i2

+ ∂C

∂zl
i2

∂zl
i2

∂bl
i2

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂bl
i2

∂C

∂zl
i1

∂zl
i1

∂bl
i3

+ ∂C

∂zl
i2

∂zl
i2

∂bl
i3

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂bl
i3

...

∂C

∂zl
i1

∂zl
i1

∂bl
iN

+ ∂C

∂zl
i2

∂zl
i2

∂bl
iN

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂bl
iN



T

,

(2.12)

where ∂C
∂bl

i
stands for the gradient vector of bl

i belonging to neuron i in layer l. The terms

∂C
∂zl

in
(1 ≤ n ≤ N ) are extracted into an N -dimensional local gradient vector ∂C

∂zl
i
and we

call it dl
i for convenience:

∂C

∂zl
i

=

 ∂C

∂zl
i1
,

∂C

∂zl
i2
, . . . ,

∂C

∂zl
iN


≜
[
dl

i1, dl
i2, . . . , dl

iN

]
= dl

i.

(2.13)
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The terms
{

∂zl
i1

∂bl
in
, ∂zl

i2
∂bl

in
, . . . , ∂zl

iN

∂bl
in

}
(1 ≤ n ≤ N ) can be obtained by differentiating Eq. 2.11:

∂zl
i

∂bl
in

=

∂zl
i1

∂bl
in

,
∂zl

i2
∂bl

in

, . . . ,
∂zl

iN

∂bl
in

T

=

∂bl
i1

∂bl
in

,
∂bl

i2
∂bl

in

, . . . ,
∂bl

iN

∂bl
in

T

=
[
0, . . . , 1, . . . , 0

]T

︸ ︷︷ ︸
the n-th entry is 1

.

(2.14)

By combining Eqs. 3.5 and 3.6, the derivative ∂C
∂bl

in
can be formulated as a dot product:

∂C

∂bl
in

= dl
i

[
∂zl

i

∂bl
in

]
=
[
dl

i1, dl
i2, . . . , dl

iN

]
︸ ︷︷ ︸

1×N



0
...

1
...

0


︸︷︷︸
N×1

= dl
in. (2.15)

Then, each entry of ∂C
∂bl

i
can be estimated by the same procedure from Eqs. 3.6 and 2.15.

After each entry is estimated, Eq. 3.3 can be derived as follows:

∂C

∂bl
i

=
[

∂C

∂bl
i1
, . . . ,

∂C

∂bl
iN

]
=
[
dl

i1, . . . , dl
iN

]
= dl

i. (2.16)
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As a result, it is evident that the derivative ofbl
i is completely equal to local gradient vector

dl
i. Next, we derive the partial derivative of C with respect to wl

ij as follows:

∂C

∂wl
ij

=

 ∂C

∂wl
ij1
,

∂C

∂wl
ij2
, . . . ,

∂C

∂wl
ijN



=



∂C

∂zl
i1

∂zl
i1

∂wl
ij1

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ij1

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ij1

∂C

∂zl
i1

∂zl
i1

∂wl
ij2

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ij2

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ij2

∂C

∂zl
i1

∂zl
i1

∂wl
ij3

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ij3

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ij3

...

∂C

∂zl
i1

∂zl
i1

∂wl
ijN

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ijN

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ijN



T

(2.17)

where ∂C
∂wl

ij
stands for the gradient vector of wl

ij connecting neuron j to neuron i in layer

l and it consists ofN elements. FromEq. 3.5, here the terms
{

∂C
∂zl

i1
, ∂C

∂zl
i2
, . . . , ∂C

∂zl
iN

}
are ex-

tracted as the local gradient vectordl
i. Likewise, we can obtain the terms

{
∂zl

i1
∂wl

ijn
, ∂zl

i2
∂wl

ijn
, . . . , ∂zl

iN

∂wl
ijn

}

(1 ≤ n ≤ N ) by differentiating Eq. 2.11:

∂zl
i

∂wl
ijn

=

 ∂zl
i1

∂wl
ijn

,
∂zl

i2
∂wl

ijn

, . . . ,
∂zl

iN

∂wl
ijn

T

= al−1
j1 en • e1 + al−1

j2 en • e2 + · · · + al−1
jN en • eN

=
[
en • e1, en • e2, . . . , en • eN

] [
al−1

j1 , . . . al−1
jN

]T

=
[
en • e1, en • e2, . . . , en • eN

]
al−1

j ,

(2.18)

which is formulated as a matrix-vector multiplication. Each column in the matrix is the

bilinear product of two standard bases. Different bilinear products contribute to differ-
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ent results. Then, the derivative ∂C
∂wl

ijn
can be formulated as a dot product by combining

Eqs. 3.5 and 2.18:

∂C

∂wl
ijn

= dl
i

[
∂zl

i

∂wl
ijn

]

=
[
dl

i1, dl
i2, . . . , dl

iN

]
︸ ︷︷ ︸

1×N
[
en • e1, en • e2, . . . , en • eN

]
︸ ︷︷ ︸

N×N

al−1
j︸ ︷︷ ︸

N×1



= dl
i

[
N∑

h=1
al−1

jh en • eh

]
.

(2.19)

Each entry of ∂C
∂wl

ij
can be estimated by the same procedure from Eqs. 2.18 and 2.19. After

each entry is estimated, Eq. 3.8 can be rewritten as:

∂C

∂wl
ij

=

 ∂C

∂wl
ij1
,

∂C

∂wl
ij2
, . . . ,

∂C

∂wl
ijN


=

dl
i

[
N∑

h=1
al−1

jh e1 • eh

]
, . . . , dl

i

[
N∑

h=1
al−1

jh eN • eh

]
= dl

i

[
e1 •

[
N∑

h=1
al−1

jh eh

]
, . . . , eN •

[
N∑

h=1
al−1

jh eh

]]
,

(2.20)

and referring to Eq. 2.4, we can rewrite Eq. 2.20 into:

∂C

∂wl
ij

= dl
i

[
e1 • al−1

j , e2 • al−1
j , . . . , eN • al−1

j

]

= dl
i

[
al−1

j

]†
•
,

(2.21)
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which is a vector-matrix multiplication with the transmuted representation. After the

derivative ∂C
∂wl

ij
is calculated, we derive the local gradient vector dl

i from layer l + 1 by:

dl
i = ∂C

∂zl
i

=
Rl+1∑
k=1

∂C

∂zl+1
k

∂zl+1
k

∂al
i

∂al
i

∂zl
i

=
Rl+1∑
k=1

∂C

∂zl+1
k

∂zl+1
k

∂al
i

ϕ̇(zl
i),

(2.22)

which is a vector-matrix-matrix multiplication, where zl+1
k stands for an N -dimensional

input vector of neuron k in layer l + 1 and al
i stands for an N -dimensional output vector

of neuron i in layer l. The vector ∂C

∂zl+1
k

is regarded as an N -dimensional local gradient

vector, defined as dl+1
k in layer l + 1. Referring to Eqs. 3.3 to 3.7, we can see that dl+1

k

can be regarded as the derivative of bl+1
k . The matrix ϕ̇(zl

i) represents the derivative of

the activation function, which is an N × N diagonal matrix:

ϕ̇(zl
i) = ∂al

i

∂zl
i

=



∂al
i1

∂zl
i1

0 . . . 0

0 ∂al
i2

∂zl
i2

. . . 0

...
... . . . ...

0 0 . . .
∂al

iN

∂zl
iN


=



ϕ̇(zl
i1) 0 . . . 0

0 ϕ̇(zl
i2) . . . 0

...
... . . . ...

0 0 . . . ϕ̇(zl
iN)


, (2.23)
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where ϕ̇ can be an arbitrary differentiable activation function. Next, the matrix ∂zl+1
k

∂al
i
is

also a N × N square matrix:

∂zl+1
k

∂al
i

=



∂zl+1
k1

∂al
i1

∂zl+1
k1

∂al
i2

. . .
∂zl+1

k1
∂al

iN

∂zl+1
k2

∂al
i1

∂zl+1
k2

∂al
i2

. . .
∂zl+1

k2
∂al

iN

...
... . . . ...

∂zl+1
kN

∂al
i1

∂zl+1
kN

∂al
i2

. . .
∂zl+1

kN

∂al
iN



. (2.24)

We calculate the above derivatives columnwise. The calculations are based on the feed-

forward process of zl+1
k :

zl+1
k =

Rl∑
i=1

wl+1
ki • al

i + bl+1
k =

Rl∑
i=1

wl+1
ki •

(
N∑

n=1
al

inen

)
+ bl+1

k

=
Rl∑
i=1

wl+1
ki •

[
al

i1e1 + al
i2e2 + · · · + al

iNeN

]
+ bl+1

k .

(2.25)

Then, the derivative of the n-th column of Eq. 2.24 is derived by differentiating Eq. 2.25:

∂zl+1
k

∂al
in

=

∂zl+1
k1

∂al
in

,
∂zl+1

k2
∂al

in

, . . . ,
∂zl+1

kN

∂al
in


T

= wl+1
ki • en

=
(
wl+1

ki1 e1 + wl+1
ki2 e2 + · · · + wl+1

kiNeN

)
• en

=
N∑

h=1
wl+1

kih eh • en

= [e1 • en, e2 • en, . . . ,eN • en]︸ ︷︷ ︸
N×N

wl+1
ki︸ ︷︷ ︸

N×1

,

(2.26)
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resulting in a column vector. Since each column of the matrix ∂zl+1
k

∂al
i
can be estimated by

the same procedure mentioned above, the derivatives of the matrix can be derived as:

∂zl+1
k

∂al
i

=
[[

N∑
h=1

wl+1
kih eh • e1

]
,
[

N∑
h=1

wl+1
kih eh • e2

]
,

. . . ,
[

N∑
h=1

wl+1
kih eh • eN

]]

=
[
wl+1

ki • e1, wl+1
ki • e2, . . . , wl+1

ki • eN

]

=
[
wl+1

ki

]
•
,

(2.27)

in which the matrix is made up of N vectors. After estimating the matrix ∂zl+1
k

∂al
i
, Eq. 3.10

can be rewritten as follows:

dl
i =

Rl+1∑
k=1

dl+1
k

[
wl+1

ki

]
•

ϕ̇(zl
i), (2.28)

which becomes a vector-matrix-vector multiplication. It is evident that local gradient vec-

tor dl
i in layer l is backpropagated from dl+1

k in layer l + 1. From this we see that the local

gradient can be inferred from the output layer. In the output layer L, the local gradient

vector dL
g is defined as:

∂C

∂zL
g

=

 ∂C

∂zL
g1
,

∂C

∂zL
g2
, . . . ,

∂C

∂zL
gN


=

 ∂C

∂yL
g1

∂yL
g1

∂zL
g1
,

∂C

∂yL
g2

∂yL
g2

∂zL
g2
, . . . ,

∂C

∂yL
gN

∂yL
gN

∂zL
gN


=

 ∂C

∂yL
g1

ϕ̇(zL
g1),

∂C

∂yL
g2

ϕ̇(zL
g2), . . . ,

∂C

∂yL
gN

ϕ̇(zL
gN)

 ,
(2.29)
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Algorithm 1 Arbitrary bilinear product backpropagation

Input: Training inputs {Xm}M
m=1

Training targets {Ym}M
m=1

Bilinear product •
Activation function ϕ

Output: Parameters Θ =
{
W l,Bl

}L

l=1
1: while not converged do
2: for each minibatch ∈ {X}M

m=1 do
3: Compute

{
Z l,Al

}L

l=1
with Eqs. 2.6–2.8 (feedforward)

4: Compute
{
Dl
}L

l=1
with Eqs. 2.28 and 3.12 (backprop)

5: Update
{
W l

}L

l=1
with the gradients from Eq. 2.21

6: Update
{
Bl
}L

l=1
with the gradients from Eq. 3.7

7: end for
8: end while

where ∂C
∂yL

gn
(1 ≤ n ≤ N ) is the derivative of the loss function used in the feedforward

process, and ϕ̇(zL
gn) is the derivative of the activation function. The above process is

summarized in Algorithm 1.
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2.4 Example: Circular convolution as the bilinear prod-

uct

In the above, we generalized the vector NNs using arbitrary bilinear products. This

algorithm can be realized to train model parameters for scalar neurons or vector neurons

from training data based on matrices or tensors. In this subsection, we derive
[
al−1

j

]†
•
and

[
wl+1

ki

]
•
for circular convolution. The derivation is described between layer l−1 and layer

l.

Supposewl
ij•al−1

ij stands for the usual circular convolution,wl
ij =

[
wl

ij1, wl
ij2, . . . , wl

ijN

]T
∈

RN and al−1
j =

[
al−1

j1 , al−1
j2 , . . . , al−1

jN

]T
∈ RN are both N -dimensional vectors, and the

matrix representation of wl
ij • al−1

ij is:

[
wl

ij

]
•

=



wl
ij1 wl

ijN wl
ij(N−1) . . . wl

ij2

wl
ij2 wl

ij1 wl
ijN . . . wl

ij3

wl
ij3 wl

ij2 wl
ij1 . . . wl

ij4

...
...

... . . . ...

wl
ijN wl

ij(N−1) wl
ij(N−2) . . . wl

ij1



, (2.30)

where the weight vector is formulated as an N × N square matrix with wl
ij1 on the main
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diagonal. The matrix
[
al−1

j

]†
•
for Eq. 2.21 is extended as follows:

[
al−1

j

]†
•

=



al−1
j1 al−1

jN al−1
j(N−1) . . . al−1

j2

al−1
j2 al−1

j1 al−1
jN . . . al−1

j3

al−1
j3 al−1

j2 al−1
j1 . . . al−1

j4

...
...

... . . . ...

al−1
jN al−1

j(N−1) al−1
j(N−2) . . . al−1

j1



, (2.31)

where the permutation of elements in the matrix
[
al−1

j

]†
•
is identical to the matrix

[
wl

ij

]
•
.

The matrix
[
wl+1

ki

]
•
for circular convolution is extended as:

[
wl+1

ki

]
•

=



wl+1
ki1 wl+1

kiN wl+1
ki(N−1) . . . wl+1

ki2

wl+1
ki2 wl+1

ki1 wl+1
kiN . . . wl+1

ki3

wl+1
ki3 wl+1

ki2 wl+1
ki1 . . . wl+1

ki4

...
...

... . . . ...

wl+1
kiN wl+1

ki(N−1) wl+1
ki(N−2) . . . wl+1

ki1



. (2.32)

Note that when N equals two, this architecture becomes the hyperbolic NN [17]. When

N is larger than two, this product is also known as polar complex multiplication [47,49].

Detail investigations of more bilinear products are described in Appendix A.
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Chapter 3

Deep Cyclic-group Networks

The peculiarity of CNNs is that it learns input invariance by using kernel maps and

outputs feature maps as detected features. Elements in a feature map and a kernel map

represent hidden neurons and weights respectively. It uses the same weights for each

neuron. Thus, CNNs can be regarded as a kind of DNN architecture using sharing weights

for each of hidden neurons in the same layer. In previous work, DCN and DQN extend

each neuron and weight to two- and four-dimensions respectively, using complex and

quaternion algebras. However, they lack the ability to deal with input data of arbitrary

dimensions. The idea of our proposed DCGN is to extend the capacity of each neuron

from scalars to vectors with cyclic group algebras. Here, the scalar multiplications in

the conventional convolutional procedure are changed into vector multiplications along

mode-3 fibers with the help of circular convolutions, which can also be formulated as

vector-matrix multiplications with circulant matrices [45, 50]. In other words, our work

replaces scalar multiplications with vector multiplications through circulant matrices.
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In DCGNs, both the kernel and feature maps are three-way tensors comprising N -

dimensional mode-3 fibers. Each fiber in a feature map stands for aN -dimensional vector-

valued neuron and its output is also a N -dimensional fiber. The circular convolution is

operated between a vector-valued neuron and a fiber coming from a weight kernel map.

The convolution procedure is illustrated in Figure 3.1.

In what follows, we firstly derive the learning algorithm from the point of view of a

vector neuron, and then describe the overall DCGNmodel for regression problems and its

extension to classification problems. Below, matrices are represented by bold uppercase

letters, and vectors by bold lowercase letters. Matrix slices of tensors are represented as

matrices and vector slices of matrix are represented as vectors. We provide the simplified

version of backpropagation learning algorithm and treat vectors as row vectors. Detailed

version will be released along with the code.

3.1 Operation of Circular Convolutions

To perform the learning process between a three-order tensor feature map and a three-

order tensor kernel map, we leverage the circular convolution to be an basic operator in

the network. Given two N -dimensional vectors, p = [p1, p2, . . . ,pN ] ∈ RN and q =

[q1, q2, . . . ,qN ] ∈ RN , we can compute the circular convolution between them, denoted

as p ∗ q, with vector-matrix multiplication by using the circulant matrix [q]∗ = circ(q)
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N

Figure 3.1: Illustration of the convolution procedure when using cyclic group algebra
(best viewed in color). Each cube represents a scalar. Collectively, the N matrices of
cubes represent a three-way tensor of mode-3 dimension N , each matrix is a frontal slice
of the tensor, and each mode-3 fiber is an N -dimensional vector. The feature map and
the kernel map are composed of blue cubes and green cubes, respectively. In the convo-
lution procedure, each mode-3 fiber of the kernel map performs circular convolution with
a mode-3 fiber of the feature map, by rotating itself along the mode-3 dimension, as the
green textured cubes represent. Therefore, via the kernel map we can learn the associa-
tion between the elements across the N dimensions by using a linear kernel and weighted
sum. The kernel map moves along the (mode-1, mode-2) plane, each time at a distance of
a stride.

associated to q as follows:

p ∗ q = p[q]∗ =



p1

p2

p3
...

pN



T 

q1 q2 q3 . . . qN

qN q1 q2 . . . qN−1

qN−1 qN q1 . . . qN−2
...

...
... . . . ...

q2 q3 q4 . . . q1


. (3.1)

We note that [q]∗ ∈ RN×N and p ∗ q ∈ RN . Algebra of circulant matrices is the vector’s

isomorphism. The result of p ∗ q is identical to the definition of circular convolution

operation. In our proposed model, the feedforward and backpropagation processes will be

described by using above the formulation and the matrix representation.
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3.2 Feedforward process for DCGN

In vector neural learning with cyclic group algebras, the inputs, outputs, weights and

biases are allN -dimensional vectors. Specifically, for a networkwithL layers, the relation

between the output of a neuron i in layer l (1 ≤ l ≤ L), al
i ∈ RN , and the output of a

neuron j in the preceding layer l − 1, al−1
j ∈ RN , can be written as:

al
i ≜ ϕ(zl

i) = ϕ

J l−1∑
j=1

wl
ij ∗ al−1

j + bl
i

 , (3.2)

where ϕ(·) is a differentiable activation function, wl
ij ∈ RN the weight vector connecting

the two neurons, J l−1 the number of neuron in layer l − 1, and bl
i ∈ RN a bias vector. For

l = 1, we have J l−1 = 1 and al−1 ≜ x ∈ RN , the input data vector of the network. For

l = L, we have J l = 1, and we define y ∈ RN as aL, the output of the network.

3.3 Backpropagation algorithm for DCGN

During the training phase, we are given the target output ŷ ∈ RN for every input data

instance, so that we can compare ŷ and y via some cost function ϵ(y, ŷ) to know how

good the model parameters Θ ≜ {wl
ij, bl

i} are. Here, we use Θ to denote the collection

of all the trainable parameters (i.e., weights and biases) across the L layers. Given the em-

pirical cost C calculated over all the training data instances, we can use backpropagation

to update the model parameters Θ. Finally, given the training data and the cost function

C(Θ), the neural network is used to perform nonlinear mapping between the inputs and

31



the outputs. The objective of the training process is to estimate parameters minimizing

the cost function.

From the previous sections, the feedforward process of the proposed architecture op-

erates with the circular convolution, which is formulated as matrix-vector multiplication.

In the backpropagation process, the learning algorithm is derived in the same way. To use

backpropagation, we need to take the derivative of C with respect to each parameter wl
ij

or bl
i. Unlike ordinary CNNs, all the parameters here are vectors. Therefore, in calculat-

ing the derivatives we need to compute the Jacobian matrix. For the bias vectors bl
i, this

amounts to calculating the N -dimensional gradient vector:

∂C

∂bl
i

=
[

∂C

∂bl
i1

,
∂C

∂bl
i2
, . . . ,

∂C

∂bl
iN

]
, (3.3)

where

∂C

∂bl
ik

=
N∑

n=1

∂C

∂zl
in

∂zl
in

∂bl
ik

. (3.4)

It can be shown that ∂zl
in

∂bl
ik

= 1 only when n = k, otherwise it is zero. It will become

apparent later that it is more convenient to denote ∂C
∂zl

in
simply as dl

in and accordingly

define the local gradient vector dl
i =

[
dl

i1, dl
i2, . . . , dl

iN

]
as follows:

dl
i ≜

∂C

∂zl
i

=
[

∂C

∂zl
i1
,

∂C

∂zl
i2
, . . . ,

∂C

∂zl
iN

]
. (3.5)

The terms
{

∂zl
i1

∂bl
ik

, ∂zl
i2

∂bl
ik

, . . . , ∂zl
iN

∂bl
in

}
(1 ≤ k ≤ N ) can be obtained by differentiating Eq. 3.2:
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:

∂zl
i

∂bl
in

=

∂zl
i1

∂bl
ik

,
∂zl

i2
∂bl

ik

, . . . ,
∂zl

iN

∂bl
ik

T

=

∂bl
i1

∂bl
ik

,
∂bl

i2
∂bl

ik

, . . . ,
∂bl

iN

∂bl
ik

T

=

0, . . . , 1, . . . , 0

T

︸ ︷︷ ︸
the n-th entry is 1

.

(3.6)

It can be shown that ∂C
∂bl

ik

= dl
ik and accordingly,

∂C

∂bl
i

=
[
. . . ,

N∑
n=1

∂C

∂zl
in

∂zl
in

∂bl
ik

, . . .

]
= dl

i . (3.7)

As a consequence, it is obvious that the derivative of bl
i is equal to local gradient vector

dl
i. Next, from the chain rule, we can calculate the derivative of C w.r.t. the weight vector

wl
ij similarly. With some algebra, it can be shown that

∂C

∂wl
ij

=

 ∂C

∂wl
ij1
,

∂C

∂wl
ij2
, . . . ,

∂C

∂wl
ijN



=



∂C

∂zl
i1

∂zl
i1

∂wl
ij1

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ij1

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ij1

∂C

∂zl
i1

∂zl
i1

∂wl
ij2

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ij2

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ij2

...

∂C

∂zl
i1

∂zl
i1

∂wl
ijN

+ ∂C

∂zl
i2

∂zl
i2

∂wl
ijN

+ · · · + ∂C

∂zl
iN

∂zl
iN

∂wl
ijN



T

= dl
i



∂zl
i1

∂wl
ij1

∂zl
i1

∂wl
ij2

. . .
∂zl

iN

∂wl
ijN

∂zl
i2

∂wl
ij1

∂zl
i2

∂wl
ij2

. . .
∂zl

iN

∂wl
ijN

...
... . . . ...

∂zl
iN

∂wl
ij1

∂zl
iN

∂wl
ij2

. . .
∂zl

iN

∂wl
ijN


= dl

i

∂zl
i

∂wl
ij

= dl
i[al−1

j ]T∗ .

(3.8)
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From Eq. (3.2), we see that the last equality holds because

∂zl
i

∂wl
ij

=



al−1
j1 al−1

jN . . . al−1
j2

al−1
j2 al−1

j1 . . . al−1
j3

...
... . . . ...

al−1
jN al−1

j(N−1) . . . al−1
j1


= [al−1

j ]T∗ , (3.9)

where [al−1
j ]∗ is the circulant matrix associated to al−1

j .

We now show how to calculate dl
i, which requires backpropagation from the upper

layer l + 1 and is therefore more complicated. According to the chain rule, we have

dl
i ≜

∂C

∂zl
i

=
J l+1∑
j=1

∂C

∂zl+1
j

∂zl+1
j

∂al
i

∂al
i

∂zl
i

, (3.10)

which involves vector-matrix-matrix multiplications. From Eq. (3.7), we see that the first

term in the summation is equal to dl+1
j . From Eq. (3.2), and with some algebra, it can be

shown that the middle term is equal to [wl+1
ji ]∗ ∈ RN×N , and the last term is equal to the

following N × N diagonal matrix:

Φ(zl
i) ≜

∂al
i

∂zl
i

= diag
([

ϕ̇(zl
i1), ϕ̇(z2

i1), . . . , ϕ̇(zN
i1 )
])

, (3.11)

where ϕ̇(·) denotes the derivative of the activation function. From the above description,

we see that the update of dl
i depends on dl+1

j and we can do this layer-by-layer in the

backward direction starting from the last layer. In the output layer L, the local gradient
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Algorithm 2 Backpropagation algorithm for updating deep cyclic-group networks
Input: Training inputs x and related targets ŷ; activation

function ϕ; cost function ϵ
Output: Parameters Θ of weights and biases
1: while not converged do
2: for each minibatch do
3: Perform feedforward process with Eq. (3.2) to get z
4: Perform backpropagation with Eqs. (3.10) and (3.12) to get local gradient vector

d per neuron per layer
5: Update biases b with Eq. (3.7)
6: Update weights w with Eq. (3.8)
7: end for
8: end while

vector dL can be computed by:

dL ≜ ∂C

∂zL
= ∂C

∂y
∂y
∂zL

= ∂C

∂y
∂aL

∂zL
= ∂C

∂y Φ(zL) ,

(3.12)

where the last term involves computing the derivative of the cost function ϵ(·, ·).

We summarize the aforementioned process in Algorithm 2. We note that the proposed

learning algorithm can be applied to vector neurons with arbitrary dimensions N . If the

complexity of CNN is O(C), then the complexity of DCGN is O(NC). In other words,

the time complexity of DCGN is N times the complexity of CNN. However, if we view

N as a constant, the complexity of DCGN and CNN becomes the same.

3.4 Weight initialization

Proper weight initialization can reduce the risk of gradient vanishing or exploding

when the architecture of neural networks is deep. Below, we propose a weight initializa-
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tion method for DCGN by extending the method proposed by [51] and [52] to DCGNs.

Initially, the weights are all scalars in the conventional CNNs but now all vectors in

vector neurons. Since we know that variance is the expectation of the square minus square

of the expectation, the equation of weight variance becomes:

Var(w) = E
[
wwT

]
− (E [w])2

= E
[
|w|2

]
− (E [w])2 ,

(3.13)

where E [w] is 0 since the distribution of w is symmetric around 0. However, estimating

E [|w|2] is not easy to accomplish, so the main idea is to make the output variance equal to

the input variance for each neuron. In doing so, we need to estimate the variance of each

kernel map w, which can be calculated as [1, 27]:

Var(w) = E
[
|w|2

]
. (3.14)

However, such an estimation is ill-defined for DCGN, since w is a vector not a scalar.

That said, if we further assume w1, w2, . . ., wN ∼ N (0, σ2) i.i.d., then E [|w|2] =

E [w2
1 + w2

2 + . . . + w2
N ] = E [w2

1] + E [w2
2] + . . . + E [w2

N ] = Nσ2. Thus we can rewrite

Eq. (3.14) as:

Var(w) = E
[
|w|2

]

=
∫ ∞

−∞
x2f (x) dx

= Nσ2,

(3.15)
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where f(·) stands for N -dimensional distribution with N degree-of-freedom and σ is an

estimated parameter of the variance of w. Then, if we use the initialization method pro-

posed by [51], we have:

Var(w) = 2
(nin + nout)

, (3.16)

wherenin andnout denote the number of input and output units of that neuron, respectively.

Accordingly, we have:

σ2 = 2
N (nin + nout)

. (3.17)

On the other hand, if we use the initialization method proposed by [52], which is designed

for networks that use rectified linear units (ReLUs) [53] as the activation function ϕ(·),

we would have Var(w) = 2/nin, and σ2 = 2
N nin

. Then the variance is written as:

σ =
√

2
N nin

. (3.18)

3.5 Batch normalization

Batch normalization [10] is an important technique to stabilize and speed up the train-

ing process. The idea is to keep the input of each layer having zero mean and unit variance.

The original version is designed for scalar neurons. While [1] have extended the method

for DQNs, we present below how to extend it to general vector neurons with arbitrary

dimension N . To ensure equal variance in the vector parts, we calculate the variance not
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only between different training data instances but also between theN dimensions, leading

to the following covariance matrix V:

V = [Cov(ui, vj)] i=1,...,N , j=1,...,N , (3.19)

where Cov(·) is the covariance function and ui, vj denotes entries of two input vectors u

and v for that layer. Whitening approach [54], scaling the data by the square root of their

variances along each of two-dimensional vectors, is used for complex-valued neurons. It

can be completed by multiplying the inverse square root of the 2 × 2 covariance matrix.

However, it is not easy to calculate the inverse square root of a matrix which dimension

is more than 2 × 2. Following [1], Cholesky decomposition is firstly proposed to for

covariance in the deep quaternion networks, which is applied to four-dimensional data. In

our proposed work, we use Cholesky decomposition on the covariance matrix to learn the

shift vector β ∈ RN and the transformation matrix Γ ∈ RN×N . If the input vector x̃ has

been normalized to mean 0 and variance 1, then batch normalization is done by

BN(x̃) = Γx̃ + β . (3.20)

We note that Γ is a symmetric matrix, and that its diagonal can be initialized to 1/
√

N to

obtain modulus of 1 for the variance of the normalized value. The other terms of Γ and

all entries of β are initialized to 0.
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3.6 Pooling layers

As shown in Figure 1.3, we can optionally use pooling layers after the convolutional

layer. A pooling layer is another type of layers simplifying or summarizing the informa-

tion from convolved feature maps. It is also called subsampling or downsampling which

reduces the dimensionality of each map and produce the downsampled one but retains the

important information. The pooling layer is also used if necessary. The pooling methods

we employ are max pooling and average pooling, which are also commonly used in CNNs.

What the difference is that we propose to calculate the magnitude of each mode-3 fiber in

the feature maps, and preserve the one (i.e., a vector) with the largest magnitude for max

pooling. For mean pooling, we calculate the average of each element among the mode-3

fibers to generate new three-way feature maps.

3.7 Applications to regression problems

DCGN can be applied to regression problems where we need to learn a nonlinear map-

ping between tensor inputs and tensor outputs. The inputs and outputs have the same

mode-3 dimension, but not necessarily the same mode-1 and mode-2 dimensions. To fit

the dimensionality of the output tensor, we need to use only one kernel map for the last

convolutional layer of DCGN. For the activation function ϕ(·), we can use rectified lin-

ear unit (ReLU) or leaky ReLU for all the layers except for the last layer, where we may

want to use the sigmoid or tanh function. We can use squared error for the cost function

ϵ(A, B) = ∥A−B∥2
2, whereA andB denote the groundtruth target and the output tensors
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of DCGN, respectively. Such a network is shown in Figure 1.3.

3.8 Applications to classification problems

When DCGN is applied to classification problems, the input is a three-way tensor and

the corresponding output is a vector for one-hot representation (i.e., the class labels). We

can also use only one kernel map for the last convolutional layer, but this is not mandatory.

Moreover, we would add fully-connected layers to the end of DCGN for learning the

classifier. We usually use the sigmoid function as the activation function for the last layer

of the fully-connected layers, so that we can use the cross entropy as the cost function:

ϵ(a, b) = −∑[ai ln bi + (1 − ai) ln(1 − bi)], where a and b are the groundtruth label

vector and the predicted one, respectively. In such a case, DCGN performs the function

of feature learning.
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Chapter 4

Experiments

To validate the effectiveness of ABIPNN, we consider two regression problems that

require learning a nonlinear mapping between tensor inputs and tensor outputs. The first

is multispectral image denoising, which aims to recover the original multispectral image

from a noisy input, with N set to 10. The second is singing voice separation, which aims

to separate the singing voice and the accompaniment from a monaural audio mixture, with

N set to 1, 3, 5, 7.

We intend to empirically compare the performance of the conventional DNNs with

ABIPNN. In the first experiment, we will investigate their performance using a similar

number of parameters. In the second one, the complexity analysis in Chapter 2 will also

be verified. For both DNNs and ABIPNN, we use the mean-square error (MSE) as the

objective function, and Adam [55] for gradient optimizations. For ABIPNN, we employ

circular convolution as our bilinear product. The experiments are performed in Python

on a personal computer equipped with an NVIDIA GeForce GTX 1080 Ti GPU and a
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memory of 64 GB RAM.

To evaluate the effectiveness of DCGN,we test it on two regression problems. The first

one is color image inpainting, which aims to reconstruct the deteriorated or lost parts of

the original color image. The second one is multispectral image denoising, which aims to

recover the original multi-band image from a noisy version. For the first problem, the input

is a tensor with N = 3, the RGB channels. For the second problem, since a multispectral

image is composed of multiple greyscale images shooting at different wavelengths (or

bands),N is equal to the number of bands. We note that DCGN can deal with multispectral

images of arbitrary bands, but DQN can only deal with 4-band multispectral images each

time. Therefore, we intend to vary the value of N from 3 to 6 for the second experiment.

As baseline methods, we consider the conventional CNNs and the DQN model pro-

posed by [1], using the code they shared. The goal is to verify the possible advantages

of using the vector neurons over the scalar neurons, instead of pursuing high accuracy.

Therefore, we opt for simpler model design and aim to compare the models fairly. For all

the baseline models and our model, we use only three fully convolutional layers (without

any pooling layers) and employ kernel maps with size 3×3. We used ReLU as the activa-

tion function, mean squared error (MSE) as the cost function, and Adam [55] for gradient

optimization.

For conventional CNNs, we consider three variants of CNN with different number of

kernels per layer. CNN1 has the same number of kernels per layer (i.e., 24) as DCGN and

DQN; CNN2 has more kernels but the total number of parameters is similar to DCGN,

and CNN3 has even more kernels and roughly three times the total number of parameters
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as DCGN. DCGN and DQN have more parameters than CNN1 because their kernel maps

are tensors.

The evaluation metrics for both experiments are peak signal-to-noise ratio (PSNR)

and structural similarity index (SSIM) [56]. SSIM is a measure of the similarity between

two images (i.e., the groundtruth clean one and the recovered one) and its range is [0, 1].

Both PSNR and SSIM are the higher the better. We calculate them for each output result

and report the average values. All the experiments are performed on a personal computer

equipped with an NVIDIA GeForce GTX 1080Ti GPU and 64GB RAM. Our code is

written in Python. For reproducible research, we will make the code of the experiments

publicly available at https://github.com/zcfan-tw/vectorNNtoolbox.
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4.1 Experiment on multispectral image denoising

Multispectral (a.k.a. hyperspectral) imaging systems are usually employed to solve

broadband color problems. Amultispectral image is composed of a collection ofmonospec-

tral (or monochrome) images, each of which is captured with a specific wavelength. These

monospectral images can be considered as different bands of the multispectral image. As

different spectral bands may exhibit some mutual associations, we can leverage such as-

sociations to enhance the accuracy of image processing applications.

In multispectral image denoising, we are given a noisy version of a multispectral image

with N bands, and are asked to recover the clean version (also N bands). In a recent work

presented by Zhang et al. [29], different supervised multidimensional dictionary learning

methods were evaluated on the Columbia multispectral image database [7] for the denois-

ing task. By following their settings, we can compare the performance of our models

with these prior arts. These methods include K-TSVD, K-SVD [57], 3D K-SVD [58],

LRTA [59], DNMDL [60] and PARAFAC [61].

The database [7] contains 32 real-world scenes and each scene contains 31monochrome

images of size 512×512, captured by varying the wavelength of a camera from 400 nm to

700 nm with a step size of 10 nm. Following Zhang et al. [29], we consider images in the

“chart and stuffed toy” scene, resize each image to 205 × 205 and take images of the last

10 bands (i.e., starting from 600 nm), making N = 10. Moreover, we divide each image

into 8 × 8 × 10 overlapping tensor patches with a hop size of one. We randomly take

10 000 tensor patches as the training data and the rest for testing. From the training data,
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Noisy Images Recovered Images

ABIPNN

10 Bands 10 Bands

Figure 4.1: Illustration of multispectral image denoising using ABIPNN. Noisy images
are contaminated by Gaussian noise. We take the last 10 bands for the experiments.

1000 tensor patches are held out as the validation data. The maximal number of training

epochs is set to 3000. We also stop the training process if the validation MSE does not

decrease for 100 epochs.

For the noise model, we randomly select a certain number of pixels from each band of

an image and add to the pixels Gaussian noise with specific sigma value. We refer to the

ratio of pixels corrupted per band as the sparsity level of the noise. In our experiments, we

vary the sigma value from 100 to 200, and the sparsity level from 5% to 15%, to simulate

different degrees of corruption. The goal is to recover the corrupted images, as illustrated

in Fig. 4.1. As for the objective function in model training, we compute the MSE between

the recovered and the original versions of the patches in the training set, across all the 10

bands. As in Zhang et al. [29], we measure the performance of denoising in terms of the

peak signal-to-noise ratio (PSNR). We calculate the PSNR for each test patch and report

the average result.

In our implementation, the ABIPNN consists of 3 hidden layers with 512 neurons in

each layer (i.e., R2 = · · · = RL−1 = 512 in Fig. 1.1). Both the input and output layers
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have 8 × 8 = 64 dimensions (i.e., R1 = RL = 64 in Fig. 1.1) and the topology is denoted

as 64-512-512-512-64. In ABIPNN, each neuron represents a vector with size N = 10.

Hence, for each patch the 10 bands are processed at the same time. The activation function

is sigmoid with a learning rate of 5×10−4. To compare the performance of ABIPNN with

conventional DNNs using a similar number of parameters, we consider the following two

variants of DNNs as the baselines. The first variant,DNN-concat, simply concatenates the

10 bands as a single vector to process them jointly, making R1 = RL = 640. There are 3

hidden layers with 1, 450 neurons in each layer, so the topology is 640-1450-1450-1450-

640, where each neuron represents a scalar. The second variant, DNN-parallel, processes

the 10 bands separately using 10DNNs, each with a 64-512-512-512-64 topology. In other

words, each DNN is trained for denoising a specific band.

Table 4.4 shows the experimental results. In the upper part of the table, we cite the

PSNR values reported in [29], and in the lower part we report the results of our own

implementation.1 Because we follow their experimental settings, the PSNR values for

the noisy images (i.e., before denoising) reported in [29] are close to what we observe

in our implementation. Besides, Table 4.4 also shows that ABIPNN outperforms all the

other methods, including the two DNN baselines, by a large margin across different values

of sigma and sparsity. The PSNRs are improved from 12.10–20.92 dB to 29.55–33.92

dB. This result suggests the effectiveness of a neural network for this task. Fig. 4.11

demonstrates the original, noisy, and denoised versions of three images by using ABPINN.
1Each result we reported is the average of 10 simulations and the variance of each result is low. For

example, when the sparsity is 5% and the sigma is 100, the variance of DNN-concat, DNN-paralled, and
ABIPNN is 0.003, 0.014, and 0.011, respectively.
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Table 4.1: PSNR (in dB) obtained by different methods for multispectral image
denoising, under different sparsity and sigma values

Sparsity 5% 10% 15% 10% 10%

Sigma 100 100 100 150 200

Referenced from [29]

Noisy Image 20.96 18.18 16.35 14.75 12.10

K-SVD [57] 22.73 22.60 22.49 22.38 22.20

3DK-SVD [58] 22.61 22.53 22.47 22.41 22.20

LRTA [59] 23.54 26.84 26.65 23.90 22.03

DNMDL [60] 24.07 23.73 25.16 17.89 16.83

PARAFAC [61] 27.07 26.86 26.72 26.13 25.24

K-TSVD [29] 27.19 26.98 26.79 26.18 25.44

Our Experiments

Noisy Image 20.92 18.16 16.35 14.64 12.10

DNN-concat 25.06 24.80 24.93 24.59 24.03

DNN-parallel 30.18 28.88 28.06 27.17 25.88

ABIPNN 33.92 32.47 31.74 31.01 29.55

Among the three NN-based methods, DNN-concat performs the worst, and is even in-

ferior to that of PARAFAC [61] and K-TSVD [29], two non-deep learning based methods.

This suggests that concatenating inputs from different bands does not make it easy for an

NN to learn the association between bands. In contrast, using multidimensional vector

neurons, ABIPNN learns the relations between bands by computing the circular convolu-

tion of two vectors: one coming from a hidden node and the other coming from a weight

tensor. The vector coming from a weight tensor can be regarded as a linear kernel that

captures interactions across bands, which may contribute to enhanced results in denoising.

Figure 4.3(a) displays the changes in MSE values as a function of the training epochs

in the training procedure for ABIPNN and DNN-concat. We find that the MSE values
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“Fake and Real Peppers” Image

(a) Original (b) Noisy (c) Recovered

Figure 4.2: Denoised images at the 700 nm band using the proposed ABIPNN method.
The sparsity of the noisy pixels is 10% and the sigma value of the additive Gaussian noise
is set to 200.

converge to a certain value for both methods, but ABIPNN converges much faster. We

conjecture that this is because the error propagation in ABIPNN is not only optimized

for each dimension (i.e., band) but also between different dimensions. It is also known

that gradient variance reduction helps achieve better convergence in stochastic gradient

descent (SGD) [62, 63]. Fig. 4.3(b) shows the changes in gradient variance during SGD

training. Here ABIPNN provides lower variance at convergence (after 2000 epochs).
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Figure 4.3: (a) Mean square error with Adam and (b) gradient variance with SGD in the
training procedure of ABIPNN and DNN-concat, for the case when the sparsity of the
noisy pixels is 5% and the sigma value is set to 100.
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4.2 Experiment on singing voice separation

Separating the singing voice and the accompaniment from a monaural audio mixture

is challenging, because there are more unknowns than equations. It is also a significant

preprocessing step in audio signal analysis [64–74]. Several approaches have been pro-

posed previously. Repeating musical structures have been exploited by the REpeating

Pattern Extraction Technique [75]. Unsupervised methods such as robust principal com-

ponent analysis [76–79] assume no labeled data are available and rely on assumptions on

the characteristics of the sources for separation. For example, the spectrogram of the ac-

companiment part is assumed to have lower rank than that of the vocal part. If we are

given the original sources of some audio mixtures, we can take these clean sources as the

supervisory signal and employ supervised methods such as non-negative matrix factoriza-

tion (NMF) [80] for source separation. Naturally, supervised methods usually outperform

unsupervised methods, as the former can learn from the pairs of mixtures and sources.

Recently, NN-based methods have been introduced to this task [81,82], showing better

result than non-NN based methods such as NMF. With the development of deep learning,

Mass et al. [83] used recurrent neural networks (RNN) to create a clean voice. Huang

et al. [81] then proposed deep RNN with discriminative training to reconstruct vocals

from background music. Training multi-context networks [84, 85] with different inputs

combined at layer level was proposed to improve audio separation performance. Deep

clustering [86] is also used for music separation. Post-processing with a Wiener filter at

the output of neural networks and data augmentation [87] have been proposed to separate
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Figure 4.4: Illustration (best seen in color) of singing voice separation using ABIPNN,
where T stands for the number of frames. We use red to indicate the previous frames,
yellow for the current frames, and green for the subsequent frames. After training, we
extract the second dimension (yellow) for soft-time frequency masking.

vocals and instruments. All of these deep learning techniques use multiple non-linear

layers to learn the optimal hidden representations from data in a supervised setting.

This can be done by taking the spectrogram of an audio mixture as the input and re-

quiring the network to reproduce the spectrograms of the corresponding two sources at the

output. NN works better because they can learn a nonlinear mapping between the input

and the outputs. A spectrogram is a 2-D time-frequency representation. It is computed by

the short time Fourier transform (STFT), which divides a given time signal into short seg-

ments of equal length and then computes the Fourier transform separately on each short

segment. We call each short segment a ‘frame,’ and the result of Fourier transform per

frame as a ‘spectrum.’ The spectrogram considers only the magnitude part of STFT.
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A naïve DNN approach for source separation, referred to as DNN-simple below, takes

the spectrum of each frame of the mixture as input, and estimates the spectra of that frame

for the vocal and the accompaniment parts respectively. This is done frame-by-frame,

finally leading to the estimated (recovered) spectrograms Ỹ1 and Ỹ2 of the two sources.

Then, we use the Weiner filter to compute the following soft time-frequency mask to

smooth the source separation results.

m(f) = |Ỹ1(f)|
|Ỹ1(f)| + |Ỹ2(f)|

, (4.1)

where f = 1, 2, ...,F denotes different frequency bins. The estimated spectra s̃1 and s̃2,

respectively corresponding to vocals and accompaniments, are produced by:

s̃1(f) = m(f)z(f),

s̃2(f) = (1 − m(f))z(f),

(4.2)

where z(f) is the magnitude spectra of the input mixture. The estimated spectra s̃1 and s̃2

are finally transformed back to the time-domain by the inverse short time Fourier transform

(ISTFT), assuming that the mixture and the two sources share the same phase. Parameters

of the NN are learned by using theMSE between the estimated spectra and the groundtruth

source spectra.

We can improve the performance of DNN-simple by adding the temporal context of

each frame to the input [85]. Specifically, in addition to the current frame, we add the

spectra of the previous-f and subsequent-f frames to compose a real-valued matrix. For
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a conventional NN, we can take the vectorized version of the matrix (which amounts to

concatenating the spectra of these 2f + 1 frames) as the input. We refer to this method as

DNN-concat. Alternatively, we can view the 2f + 1 frames as different dimensions and

use a vector NN to model the interaction between different frames. Please see Fig. 4.4 for

an illustration.

Because ABIPNN can deal with input of arbitrary dimensions, in principle f can take

any values. In this experiment, we compare the performance of ABIPNN with the classic

vector product neural network (VPNN) [21] (i.e., where f = 1 and only two neighboring

frames are considered), and the conventional DNNs (i.e., where f = 1–3). The major

difference between ABIPNN (with N = 3) and VPNN is that the former uses circular

convolutions.

In our experiments, we use the Demixing Secret Database (DSD100), which was used

in the Signal Separation Evaluation Campaign (SiSEC) in 2016 [88, 89]. It is made up

of 100 full-track professionally-produced music recordings of different styles. It can be

used for training and testing for source separation algorithms, because it includes both

the stereophonic mixtures and the original stereo sources. The database is divided into

a development set and a test set by the organizers of SiSEC 2016, each consisting of 50

songs. The duration of the songs ranges from 2’22” to 7’20”, and the average duration is

4’10”. All the songs are sampled at a sampling rate of 44 100Hz. To reduce computational

cost, all songs are downsampled to 8000 Hz. For each song, we compute STFT with a

1024-point window and a 512-point hop size. We set the activation function to the rectified

linear unit (ReLU) and the learning rate to 3 × 10−5 with exponentially decay reduced by
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10% every 300 epochs.

Then we map each t-f unit of the magnitude spectrum to an N -dimensional vector to

serve as the input to ABIPNN. Among the training frames, 5% of the tensor frames are

randomly picked as the validation data. The training epoch is set to 1000 and the training

process is stopped if the MSE of the validation set does not decrease for 20 epochs. The

performance is measured in terms of source to distortion ratio (SDR), source to interfer-

ences ratio (SIR), and source to artifact ratio (SAR), as calculated by the Source Separation

(BSS) Eval Toolbox v3.0 [90].

Table 4.2 shows some details of the evaluated methods and their results. Each model

has three hidden layers. In order to obtain the same internal dimensionality corresponding

to real-valued neurons of DNN-concat and vector-valued neurons of ABIPNN, we use N

times more neurons per layer for DNN-concat than ABIPNN.

In Table 4.2, the two vector NNs (i.e., VPNN and ABIPNN) indeed outperform the

conventional DNN methods (i.e., DNN-simple and DNN-concat), demonstrating the ef-

fectiveness of considering the interactions between frames. DNN-concat1, VPNN and

ABIPNN all outperform DNN-simple by a great margin in SDR. And, in terms of SAR,

we see VPNN and ABIPNN perform much better than DNN-concat1, despite that DNN-

concat1 has more parameters. This shows that vector neurons can take better advantage

of the information provided by the temporal context.

Furthermore, we also compare the computation times of DNN-concat, VPNN and

ABIPNN with an NVIDIA 1080 Ti GPU. It is obvious that the computation time of

ABIPNN is comparable with DNN-concat given the same value of N .
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Figure 4.5: Vocal and accompaniment results (in SDR) for the development part and test
part of the DSD100 dataset. The methods are sorted by the median SDR for the test part.
For the result of ABIPNN, the value of N is set to 7. Please note that we only consider
methods that did not use any data augmentation here, for fair comparison.
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Figure 4.6: Wilcoxon signed-rank test results for SDR vocals and accompaniments. The
upper triangle represents the comparison of the test set and the lower triangle is for the
development part. For the result of ABIPNN, the value of N is set to 7. Values of
p−value > 1e − 04 indicate no significant difference between the two group results.
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While we can only use N = 3 for VPNN, we can use larger N for ABIPNN. From

Table 4.2, we see that the performance difference between ABIPNN and DNN-concat

increases as N goes larger, despite that the latter architecture has more total parameters.

WithN = 7, the SDR obtained by ABIPNN reaches 5.13 dB for the vocal part, which out-

performs DNN-simple by 0.76 dB. As can be seen later from Fig. 4.5, such a performance

gap is remarkable.

On the other hand, we also compare the performance between DCGN and CNN by

using the similar number of parameters when N = 7. Both of them consist of three fully

convolutional layers (without any pooling layers) and the number of kernel maps are 24

for DCGN and 61 for CNN, respectively. As shown in Table 4.2, the performances of

DCGN and CNN are comparable to ABIPNN by using less number parameters2. DCGN

performs better than CNN although the computation time of DCGN is longer than CNN.

In Fig. 4.5, we compare the median SDR of the vocal and accompaniment parts of

ABIPNN with the methods that have been evaluated for SiSEC 2016 [89], including

NUG [91], STO [92], OZE [93], KON [94], KAM [95], JEO [96], HUA [76], DUR [65],

CHA [97], and RAF [75]. Among them, CHA is based on CNN, and KON, STO, NUG

are based on DNNs. For fair comparison, we only select those submissions that are not

trained with augmentation data. Moreover, we show the vocal and accompaniment SDR

here instead of other metrics, for saving space (following [89]) and because SDR is usually

considered to be more important than the other metrics. It is also a convention in SiSEC
2We also try to increase of the number of parameters of DCGN, but it is hard to get a complete training

procedure due to the cost of computation time. We will complement the experiments of using DCGN with
more parameters in the future when we make the training more scalable to higher values of N .
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Figure 4.7: Examples of singing voice separation employing ABIPNN on the test part of
the DSD100 dataset.
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to show the result for both the development and the test sets. From Fig. 4.5, we see that

ABIPNN outperforms all the other methods. From the report [89], our results of ABIPNN

are comparable to UHL [98], which applies data augmentation and a complicated NN

architecture.

In order to show the effect of different methods on SDR values, we follow [99] and

apply the Wilcoxon signed-rank test (two-tailed and Bonferroni corrected) for pairwise

comparisons. From Fig. 4.6, we can see that the group of results from ABIPNN has sig-

nificant differences over other methods.

Finally, Fig. 4.7 shows the spectrograms of the input mixture, the separation results

by ABIPNN, and the original sources, for two songs randomly picked from the test set of

DSD100. We see that the separation results (marked as “predicted vocal” or “predicted

accompaniment”) resemble the original sources.
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4.3 Experiment on color image inpainting

Image inpainting is a task that aims to recover corrupted or missing pixels in an im-

age [100–103], and it is essential in computer vision. Many applications, such as photo

editing, image-based rendering and computational photography are based on inpainting

algorithms to reconstruct the missing parts. The main challenge of image inpainting can

be divided into two categories. The first one is to manipulate an existing image. Some

image details or larger regions of a given image should is removed and then we have to

create a plausible missing part to complete the image. The target is not to recover a true

image but the filled part should looks realistic. The second one is to consider that the given

image is locally corrupted. The corruption is small, and sometimes possibly all over the

image. The goal is to recover the missing part that are coherent with original given ones.

Figure 4.8(a) shows three example images that need to be inpainted. We have to remove

the imposed text and fill pixel values that are consistent with the surrounding context.

Many methods have been proposed to process image inpainting. Traditional diffusion-

based methods [100, 104, 105] propagate the local information, such as edges and gradi-

ents, from the background regions to the missing pixels. Patch-based [106, 107] methods

perform by searching for relevant patches from the non-hole regions or other source im-

ages of the image in an iterative fashion. Recently, deep learning based methods emerge

as a promising scenario for image inpainting. Deep neural networks are proposed for

image denoising and inpainting [101, 108]. Then CNNs are used to recover the local

corruption [28, 109]. Context encoders proposed by [110] train deep neural networks for
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inpainting large holes by using the objective function comprised of reconstruction loss and

generative adversarial loss, based on generative adversarial network (GAN). Then, [103]

propose both global and local discriminators as adversarial losses to improve the perfor-

mance of [110]. More recently, contextual attention layer with GAN is proposed by [111]

to attend on relevant feature patches for image inpainting.

From above descriptions, more and more inpainting approaches are presented by using

deep learning. As a result, we evaluate our proposed method on the color inpainting task

(N = 3), based on a given locally corrupted image and then recover it to the original

one in a supervised setting. We use the images from the LabelMe dataset [112] for this

evaluation. The dataset is split into two non-overlapping sets: the training set contains

2,920 images, and the test set 1,133 images. To prevent overfitting, we randomly select

from the training set 150 images as the validation set. To reduce the training time, we

resize all the images from 2,592×1,944 to 512×512. We contaminate all the images by

the same text with variant fonts [109], using the contaminated ones as the model input

and the clean ones as the target output. For all the models, we set the maximal number of

training epochs to 100, and stop the training process when the validation MSE does not

decrease for consecutive 10 epochs. Since the color images only have three dimensions

(i.e., RGB), we follow the approach of [1] and set the fourth dimension to all zeros for

DQN to provide a fair comparison with the quaternion algebra.

Table 4.3 shows that DCGN and DQN perform generally better than the conventional

CNNs, suggesting the benefit of vector neuron learning. While the results of DCGN and

DQN are comparable, the result of DCGN is significantly better (p−value < 0.01) than
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(a) Noisy (b) DCGN (c) CNN2

Figure 4.8: Examples of three contaminated images, and the result of DCGN and a con-
ventional CNN model (CNN2) for image inpainting. DCGN performs better than CNN2
in removing the imposed text, as also shown in Table 4.3.

63



Table 4.3: The PSNR (in dB) and SSIM obtained by different methods for color image
inpainting. ‘Kernels’ stands for the number of neurons per layer, and ‘Parms’ the total
number of parameters. DQN is based on [1].

Method N Kernels Param. PSNR SSIM

Input noise — — — 14.23 0.65

CNN1 3 24 11.7K 29.50 0.90

CNN2 3 41 32.6K 30.11 0.91

CNN3 3 72 97.4K 30.86 0.93

DCGN 3 24 32.4K 31.72 0.94

DQN [1] 4 24 43.9K 31.62 0.94

0 5 10 15 20 25

Number of Kernel Maps per Layer
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30
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N
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Color Image Inpainting
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Figure 4.9: The PSNR (in dB) of DCGN and CNN for image inpainting, using different
number of kernel maps per layer. We use the samemark to indicate the cases where DCGN
and CNN have the same total number of parameters.
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even CNN3 under the paired t-test for both metrics. Moreover, we note that DCGN has

fewer total parameters than DQN, yet DCGN obtains the highest mean PSNR 31.72 dB.

Some inpainting results of DCGN and CNN2 are shown in Figures 4.8. Both methods

can remove the imposed text, but DCGN performs slightly better. Figure 4.9 further shows

that the result of both DCGN and CNN increases as a function of the number of kernels

per layer, but DCGN consistently outperforms CNN.

Finally, we show in Figure 4.10 what DCGN might learn for the inpainting task. For

this investigation, we use a three-layer DCGN with only five neurons per layer for sim-

plicity. Figure 4.10 shows the output (i.e., feature map) of each neuron for a given image,

as well as the direct sum of these outputs per layer. Because the feature maps are all

tensors with N = 3, they can be viewed as color images. We see that DCGN learns to

separate the original image from the imposed text, and that the summation of the feature

maps becomes more and more noise-free layer by layer.

4.4 Multispectral image denoising using DCGN

A multispectral (or hyperspectral) image is composed of a collection of monospectral

(greyscale) images, each captured with a specific wavelength [113]. These monospectral

images can be thought of as in different bands of the multispectral image. Since some

associations may exist among different bands, we can improve the performance of image

processing applications by leveraging such associations [60].

In multispectral image denoising [29, 114], we are given a noisy version of a multi-
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spectral image with N bands, and are asked to restore the clean version (also N bands).

We use the Columbia multispectral image database [7] for this evaluation. It contains 32

real-world scenes and each scene is made up of 31 monochrome images of size 512×512,

captured by varying the wavelength of a camera from 400nm to 700nm with a step size of

10nm. We randomly select 16 scenes for the training set, and the rest for the test set. We

pick images of the last 3–6 bands to make N ∈ [3, 6]. Moreover, we divide each image

into 32×32×N overlapping tensor patches with hop size being one. Then, we randomly

select approximate 20,000 tensor patches as the training data, 1,000 of which are held out

as the validation data to prevent overfitting. For each tensor patch, all the N bands are

processed at the same time. We set the maximal number of training epochs to 30 and stop

the training process if the validation MSE does not decrease for 5 consecutive epochs.

To create a noisy image, we randomly pick a certain ratio of pixels from each band to

add Gaussian noise with specific sigma value. We refer to this ratio as the sparsity below.

We vary the sparsity from 5% to 15% and sigma from 100 to 200 to simulate different

degrees of corruption. In model training, the MSE is computed between the restored and

the original versions of the patches across all the N bands. We vary N from 3 to 6 for

DCGN, and set N = 4 for CNNs and DQN.

Table 4.4 shows the result of multispectral image denoising. The following observa-

tions can be made. First, comparing the result of the two CNNs and DCGN (N = 4), we

see again DCGN outperforms CNNs for a regression task. The performance difference

between DCGN and CNN2 is significant (p-value<0.01) under the t-test for the first four

evaluation scenarios. The fifth evaluation scenario (i.e., 10% sparsity with a sigma of 200)
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is the most noisy scenario but DCGN still performs better. Figure 4.11 demonstrates the

denoised result of DCGN.

Second, Table 4.4 indicates that the performance of DQN [1] is also much better than

CNN1. However, it is only comparable to CNN2, which uses more kernels per layer but

the same overall total number of parameters. Comparing the result of DCGN (N = 4)

and DQN, it seems DCGN is more effective, possibly owing to the use of cyclic group

algebras.

Third, comparing the result of different DCGN models in Table 4.4, we see that the

performance in PSNR improves as a function of N , except for the two noisier scenar-

ios. This nicely demonstrates the importance of having a vector neural learning model

that can accommodate arbitrary data dimensions. The dependency across different data

dimensions may increase when we have more dimensions, and DCGN can exploit such

dependency to improve the result of a machine learning task.

Finally, we also employ ABIPNN on this task by using the similar number of param-

eters when N = 6. The architecture of ABIPNN is made up of three hidden layers and

each hidden layer consists 30 neurons. As shown in Table 4.2, the performance of DCGN

outperforms ABIPNN when N = 6. It shows that DCGN has an better ability to learn

features by using less parameters when comparing to ABIPNN.
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“Superballs” Image

“Hairs” Image

“Fake and real food” Image

(a) Original (b) Noisy (c) Denoised

Figure 4.11: Examples of three noisy images (at 700nm band) and the multispectral image
denoising result by DCGN with N = 4. The sparsity of the noisy pixels is 10% and the
sigma value of the additive Gaussian noise is set to 200.
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Chapter 5

Conclusions and Discussions

In this dissertation, we proposes a novel vector-valued neuron which employs arbi-

trary bilinear products for feedforward and backpropagation. The proposed architecture

generalizes and extends all existing vector-valued neurons and is useful for datasets where

each training sample is a multidimensional vector. Through bilinear products, the vector

neural network captures the associations among different entries in the same position in

each vector. The model can be trained efficiently by using vector error backpropagation

through the Adam algorithm. Experimental results on multispectral denoising and singing

voice separation show that our proposed model performs better than conventional NNs by

using less number of parameters. On the other hand, we have also presented a new type

of CNN architecture consisting of N -dimensional vector-valued neurons endowed with

the cyclic group algebra, where N can be an arbitrary positive integer. In the convolu-

tion procedure, scalar multiplications in conventional CNNs are changed to vector mul-

tiplications through circulant matrices. During the feedforward and backpropagation, the
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circular convolution is formulated as a vector-matrix multiplication with a circulant ma-

trix. The learning process is performed with a backpropagation algorithm and optimized

through Adam. Experimental results on color image inpainting and multispectral denois-

ing show that the proposed model exhibit better performance than conventional CNNs and

deep quaternion networks.

Future work involves three directions. First, we observe that the training time of the

proposed network grows quadratically as a function of the dimensionality N . We make

the training more scalable to higher values of N . Next, we would like to test it on classi-

fication problems, and datasets with even larger dimensions, such as EEG-based emotion

recognition. Finally, since our proposed architecture could operates with arbitrary biliner

products, it is similar to the concept of object orientation, where each neuron could be

seen an object encapsulating all bilinear products and operating with other neurons. In the

future, we will extend the proposed architecture to graph neural networks to investigate

more powerful models.
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Appendix A

Bilinear Products for ABIPNN

In Chapter 2, we use circular convolution as the bilinear product in ABIPNN and

briefly derive the results of matrices
[
al−1

j

]†
•
and

[
wl+1

ki

]
•
used in the backpropagation

process. In this section, we will derive some more bilinear products in detail. The feed-

forward connection is still described between layer l − 1 and layer l.

A.1 Vector product

Here wl
ij • al−1

j stands for the usual vector product, wl
ij =

[
wl

ij1, wl
ij2, wl

ij3

]T
∈ R3,

and the input al−1
j =

[
al−1

j1 , al−1
j2 , al−1

j3

]T
∈ R3 are all three-dimensional vectors (N = 3).
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The matrix representation of wl
ij • al−1

j is:

[
wl

ij

]
•

=



0 −wl
ij3 wl

ij2

wl
ij3 0 −wl

ij1

−wl
ij2 wl

ij1 0


, (A.1)

where the weight vector is formulated as a 3 × 3 square matrix with zeros on the main di-

agonal. When calculating ∂C
∂wl

ij
, the matrix

[
al−1

j

]†
•
in Eq. 2.21 can be extended as follows:

[
al−1

j

]†
•

=



0 al−1
j3 −al−1

j2

−al−1
j3 0 al−1

j1

al−1
j2 −al−1

j1 0


. (A.2)

Then, we calculate ∂zl+1
k

∂al
i
in Eq. 2.27 using the following matrix:

[
wl+1

ki

]
•

=



0 −wl+1
ki3 wl+1

ki2

wl+1
ki3 0 −wl+1

ki1

−wl+1
ki2 wl+1

ki1 0


. (A.3)

ABIPNN with this product is identical to the three-dimensional vector product neural

network [21].
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A.2 Quaternion multiplication

Quaternions are four-dimensional numbers a+bi+cj+dk with the multiplication rule

i2 = j2 = k2 = ijk = −1. Herewl
ij•al−1

j stands for quaternionmultiplication, the weight

wl
ij =

[
wl

ij1, wl
ij2, wl

ij3, wl
ij4

]T
∈ R4 and the input al−1

j =
[
al−1

j1 , al−1
j2 , al−1

j3 , al−1
j4

]T
∈ R4

are all four-dimensional vectors (N = 4). The matrix representation of wl
ij • al−1

j is:

[
wl

ij

]
•

=



wl
ij1 −wl

ij2 −wl
ij3 −wl

ij4

wl
ij2 wl

ij1 −wl
ij4 wl

ij3

wl
ij3 wl

ij4 wl
ij1 −wl

ij2

wl
ij4 −wl

ij3 wl
ij2 wl

ij1



, (A.4)

where the weight vector is formulated as a 4 × 4 square matrix with wl
ij1 on the main

diagonal. The matrix
[
al−1

j

]†
•
for the calculation of ∂C

∂wl
ij
in Eq. 2.21 can be extended as

follows:

[
al−1

j

]†
•

=



al−1
j1 −al−1

j2 −al−1
j3 −al−1

j4

al−1
j2 al−1

j1 al−1
j4 −al−1

j3

al−1
j3 −al−1

j4 al−1
j1 al−1

j2

al−1
j4 al−1

j3 −al−1
j2 al−1

j1



. (A.5)
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After that, we can use the following matrix
[
wl+1

ki

]
•
when computing ∂zl+1

k

∂al
i
in Eq. 2.27:

[
wl+1

ki

]
•

=



wl+1
ki1 −wl+1

ki2 −wl+1
ki3 −wl+1

ki4

wl+1
ki2 wl+1

ki1 −wl+1
ki4 wl+1

ki3

wl+1
ki3 wl+1

ki4 wl+1
ki1 −wl+1

ki2

wl+1
ki4 −wl+1

ki3 wl+1
ki2 wl+1

ki1



. (A.6)

With quaternion multiplication, the ABIPNN is equivalent to the quaternion-valued

neural network [23].

A.3 Seven-Dimensional Vector Product

The seven-dimensional vector product is defined as per [115]. Here wl
ij • al−1

j stands

for the seven-dimensional vector product, wl
ij =

[
wl

ij1, wl
ij2, . . . , wl

ij7

]T
∈ R7 and al−1

j =

[
al−1

j1 , al−1
j2 , . . . , al−1

j7

]T
∈ R7 are both seven-dimensional vectors (N = 7), and the matrix
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representation of wl
ij • al

j is:

[
wl

ij

]
•

=



0 −wl
ij4 −wl

ij7 wl
ij2 −wl

ij6 wl
ij5 wl

ij3

wl
ij4 0 −wl

ij5 −wl
ij1 wl

ij3 −wl
ij7 wl

ij6

wl
ij7 wl

ij5 0 −wl
ij6 −wl

ij2 wl
ij4 −wl

ij1

−wl
ij2 wl

ij1 wl
ij6 0 −wl

ij7 −wl
ij3 wl

ij5

wl
ij6 −wl

ij3 wl
ij2 wl

ij7 0 −wl
ij1 −wl

ij4

−wl
ij5 wl

ij7 −wl
ij4 wl

ij3 wl
ij1 0 −wl

ij2

−wl
ij3 −wl

ij6 wl
ij1 −wl

ij5 wl
ij4 wl

ij2 0



, (A.7)

where the weight vector is formulated as a 7 × 7 square matrix in a similar way as the

vector product one. The matrix
[
al−1

j

]†
•
in Eq. 2.21 becomes:

[
al−1

j

]†
•

=



0 al−1
j4 al−1

j7 −al−1
j2 al−1

j6 −al−1
j5 −al−1

j3

−al−1
j4 0 al−1

i5 al−1
j1 −al−1

j3 al−1
j7 −al−1

j6

−al−1
j7 −al−1

j5 0 al−1
j6 al−1

j2 −al−1
j4 al−1

j1

al−1
j2 −al−1

j1 −al−1
j6 0 al−1

j7 al−1
j3 −al−1

j5

−al−1
j6 al−1

j3 −al−1
j2 −al−1

j7 0 al−1
j1 al−1

j4

al−1
j5 −al−1

j7 al−1
j4 −al−1

j3 −al−1
j1 0 al−1

j2

al−1
j3 al−1

j6 −al−1
j1 al−1

j5 −al−1
j4 −al−1

j2 0



, (A.8)
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where the signs are flippedwhen compared to thematrix
[
wl

ij

]
•
above. Thematrix

[
wl+1

ki

]
•

for the seven-dimensional vector product is then extended as:

[
wl+1

ki

]
•

=



0 −wl+1
ki4 −wl+1

ki7 wl+1
ki2 −wl+1

ki6 wl+1
ki5 wl+1

ki3

wl+1
ki4 0 −wl+1

ki5 −wl+1
ki1 wl+1

ki3 −wl+1
ki7 wl+1

ki6

wl+1
ki7 wl+1

ki5 0 −wl+1
ki6 −wl+1

ki2 wl+1
ki4 −wl+1

ki1

−wl+1
ki2 wl+1

ki1 wl+1
ki6 0 −wl+1

ki7 −wl+1
ki3 wl+1

ki5

wl+1
ki6 −wl+1

ki3 wl+1
ki2 wl+1

ki7 0 −wl+1
ki1 −wl+1

ki4

−wl+1
ki5 wl+1

ki7 −wl+1
ki4 wl+1

ki3 wl+1
ki1 0 −wl+1

ki2

−wl+1
ki3 −wl+1

ki6 wl+1
ki1 −wl+1

ki5 wl+1
ki4 wl+1

ki2 0



. (A.9)

A.4 Circular convolution

Herewl
ij•al−1

ij stands for the usual circular convolution,wl
ij =

[
wl

ij1, wl
ij2, . . . , wl

ijN

]T
∈

RN and al−1
j =

[
al−1

j1 , al−1
j2 , . . . , al−1

jN

]T
∈ RN are both N -dimensional vectors, and the

matrix representation of wl
ij • al−1

ij is:

[
wl

ij

]
•

=



wl
ij1 wl

ijN wl
ij(N−1) . . . wl

ij2

wl
ij2 wl

ij1 wl
ijN . . . wl

ij3

wl
ij3 wl

ij2 wl
ij1 . . . wl

ij4

...
...

... . . . ...

wl
ijN wl

ij(N−1) wl
ij(N−2) . . . wl

ij1



, (A.10)
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where the weight vector is formulated as an N × N square matrix with wl
ij1 on the main

diagonal. The matrix Al−1
j for Eq. 2.21 is extended as follows:

Al−1
j =



al−1
j1 al−1

jN al−1
j(N−1) . . . al−1

j2

al−1
j2 al−1

j1 al−1
jN . . . al−1

j3

al−1
j3 al−1

j2 al−1
j1 . . . al−1

j4

...
...

... . . . ...

al−1
jN al−1

j(N−1) al−1
j(N−2) . . . al−1

j1



, (A.11)

where the permutation of elements in the matrix Al−1
j is identical to the matrix

[
wl

ij

]
•
.

The matrix Wl+1
ki for circular convolution is extended as:

Wl+1
ki =



wl+1
ki1 wl+1

kiN wl+1
ki(N−1) . . . wl+1

ki2

wl+1
ki2 wl+1

ki1 wl+1
kiN . . . wl+1

ki3

wl+1
ki3 wl+1

ki2 wl+1
ki1 . . . wl+1

ki4

...
...

... . . . ...

wl+1
kiN wl+1

ki(N−1) wl+1
ki(N−2) . . . wl+1

ki1



. (A.12)
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A.5 Skew circular convolution

The skew-circular convolution is obtained by replacing the circulant matrix in Eq. A.

10 by a skew-circulant one [50]. The matrix representation of wl
ij • al−1

j then becomes:

[
wl

ij

]
•

=



wl
ij1 −wl

ijN −wl
ij(N−1) . . . −wl

ij2

wl
ij2 wl

ij1 −wl
ijN . . . −wl

ij3

wl
ij3 wl

ij2 wl
ij1 . . . −wl

ij4

...
...

... . . . ...

wl
ijN wl

ij(N−1) wl
ij(N−2) . . . wl

ij1



, (A.13)

where the weight vector is formulated as an N × N square matrix with wl
ij1 on the main

diagonal and the upper triangular part of the weight matrix is multiplied by minus one.

When we compute ∂C
∂wl

ij
in Eq. 2.21,

[
al−1

j

]†
•
is extended as follows:

[
al−1

j

]†
•

=



al−1
j1 −al−1

jN −al−1
j(N−1) . . . −al−1

j2

al−1
j2 al−1

j1 −al−1
jN . . . −al−1

j3

al−1
j3 al−1

j2 al−1
j1 . . . −al−1

j4

...
...

... . . . ...

al−1
jN al−1

j(N−1) al−1
j(N−2) . . . al−1

j1



. (A.14)
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When ∂zl+1
k

∂al
i
is computed, the matrix

[
wl+1

ki

]
•
in Eq. 2.27 is extended for skew circular

convolution as follows:

[
wl+1

ki

]
•

=



wl+1
ki1 −wl+1

kiN −wl+1
ki(N−1) . . . −wl+1

ki2

wl+1
ki2 wl+1

ki1 −wl+1
kiN . . . −wl+1

ki3

wl+1
ki3 wl+1

ki2 wl+1
ki1 . . . −wl+1

ki4

...
...

... . . . ...

wl+1
kiN wl+1

ki(N−1) wl+1
ki(N−2) . . . −wl+1

ki1



. (A.15)

IfN = 2, thenABIPNNbecomes a complex-valued neural network [13]. For evenN ≥ 2,

the skew circular convolution is also known as planar complex multiplication [49].

A.6 Reverse-time circular convolution

The reversed-time circular convolution is obtained by flipping the circulant matrix

upside down (see also [116]). The matrix representation of wl
ij • al−1

j becomes:

[
wl

ij

]
•

=



wl
ijN wl

ij(N−1) wl
ij(N−2) . . . wl

ij1

wl
ij(N−1) wl

ij(N−2) wl
ij(N−3) . . . wl

ijN

wl
ij(N−2) wl

ij(N−3) wl
ij(N−4) . . . wl

ij(N−1)

...
...

... . . . ...

wl
ij1 wl

ijN wl
ij(N−1) . . . wl

ij2



, (A.16)
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where the weight vector is formulated as an N × N square matrix which is the same as

the weight matrix for circular convolution rotated by 90 degrees. The matrix
[
al−1

j

]†
•
in

Eq. 2.21 is extended as follows:

[
al−1

j

]†
•

=



al−1
jN al−1

j(N−1) al−1
j(N−2) . . . al−1

j1

al−1
j(N−1) al−1

j(N−2) al−1
j(N−3) . . . al−1

jN

al−1
j(N−2) al−1

2(N−3) al−1
j(N−4) . . . al−1

j(N−1)

...
...

... . . . ...

al−1
j1 al−1

jN al−1
j(N−1) . . . al−1

j2



, (A.17)

Then, the derivative ∂zl+1
k

∂al
i
in Eq. 2.27 is extended for reverse-time circular convolution by

the following:

[
wl+1

ki

]
•

=



wl−1
kiN wl−1

ki(N−1) wl−1
ki(N−2) . . . wl−1

ki1

wl−1
ki(N−1) wl−1

ki(N−2) wl−1
ki(N−3) . . . wl−1

kiN

wl−1
ki(N−2) wl−1

ki(N−3) wl−1
ki(N−4) . . . wl−1

ki(N−1)

...
...

... . . . ...

wl−1
ki1 wl−1

kiN wl−1
ki(N−1) . . . wl−1

ki2



. (A.18)
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